Abstract. It is shown that any Banach space X of density dens(X) ≥ ‫ג‬ω 1 contains an (infinite) unconditional sequence. Here for any ordinal α the cardinal ‫ג‬α is given by induction: ‫ג‬ 0 = ℵ 0 ; ‫ג‬ α+1 = exp(‫ג‬α); ‫ג‬α = sup{‫ג‬ β : β < α} if α is a limit ordinal, and ω 1 is the first uncountable ordinal.
Introduction.
The known J. Lindenstrauss' problem [1] was:
Whether every infinite dimensional Banach space contains an (infinite) unconditional sequence?
It was successfully solved (in negative) by W.T. Gowers and B. Maurey [2] . More formerly, J. Ketonen [3] has proved that any Banach space X of dimension dim(X) = ̺, where ̺ is a Ramsey cardinal (definitions see below) contains a subspace with an unconditional basis of the cardinality ̺.
Recall that a dimension dim(X) of a Banach space X is the least cardinality of a subset A ⊂ X, which linear span lin(A) is dense in X (equivalently: such A ⊂ X that a closure lin(A), which will be in the future denoted span(A), is the whole space X). If X is of infinite dimension then its dimension dim(X) is exactly equal to its density character dens(X) -the least cardinality of a subset B ⊂ X, which is dense in X.
The result of [3] was improved in [4] (see also [5] ), where was shown that for any cardinal τ there exists a cardinal κ(τ ) (namely, an P. Erdös' cardinal κ (τ ) → (τ ) <ω 2 ) such that any Banach space of dimension ≥ κ (τ ) contains an unconditional sequence of cardinality τ . Cardinals of kind κ(τ ) are too large. It is known that ι < κ (ω) < κ (ω 1 ) < ... < κ (κ) = ̺, where ι is the first inaccessible cardinal, and ̺ is the first Ramsey cardinal (here and below ω is the first infinite cardinal; ω 1 is the first uncountable cardinal). Moreover, each κ(τ ) is inaccessible itself. So, the existence of κ (ω), of κ (ω 1 ), etc. must be postulated separately.
P. Terenzi [6] asked:
Whether there exists a cardinal τ (without any additional set-theoretical assumptions) such that any Banach space X of dimension dim(X) ≥ τ contains an infinite unconditional sequence?
By using of some methods from the model theory it may be proved that the existence of κ (ω) implies that any Banach space of dimension ≥ ‫ג‬ ω1 contains an unconditional sequence (the cardinal ‫ג‬ ω1 , which existence does not depend on any set-theoretical hypotheses, will be defined later).
Below it will be shown that, independently of the existence (or non-existence) of κ (ω), any Banach space X of dim(X) ≥ ‫ג‬ ω1 contains an unconditional sequence.
A sequence {x α : α < τ } of elements of a Banach space X will be called a τ -sequence. The following question is of a separate interest:
What cardinals τ has the property: each Banach space X of dimension τ contains an unconditional τ -sequence?
It will be shown that a cardinal τ has a connected property (namely, each Banach space of dimension τ contains an subsymmetric τ -sequence) if and only if τ is a weakly compact cardinal. Hence, the same property of Ramsey cardinals (cf. [1] ) is a consequence of their weak compactness.
By the way, some partial results in the S. Banach's problem on the separable quotient will be obtained.
Definitions and notations
Ordinals will be denoted by small Greece letters α, β, γ. Cardinals are identified with the least ordinals of a given cardinality and are denoted either ι, τ, κ, ̺, σ, or by using Hebrew letters ℵ, ‫ג‬ (may be with indices). As usual, ω and ω 1 denote respectively the first infinite and the first uncountable cardinals (=ordinals).
For a cardinal τ its predecessor (i.e. the least cardinal that is strongly greater then τ ) is denoted by τ + . The confinality of τ, cf (τ ) is the least cardinality of a set A ⊂ τ such that τ = sup A.
Let A, B be sets. A symbol B A denotes a set of all functions from B to A. In a general case, a cardinality of the set B A is denoted either card(A)
A symbol exp(τ ) (or, equivalently, 2 τ ) denotes a cardinality of a set τ 2 of all subsets of τ .
Let J be a set; n < ω. Let
[J] n = {A ⊂ J : card(A) = n} J may be considered as a well-ordered set (say, by a relation '<'). So, [J] n may be regarded as a set of all n-tuples a 0 < a 1 < ... < a n−1 where a i ∈ J (i < n).
For a cardinal σ a function P :
If P : [J] n → σ; H ⊂ J and the function P is a constant on [H] n , i.e., if all elements of [H] n belong to the same class of the partition P , then the set H is said to be homogeneous for P .
will be used as a shortness for the following assertion:
For every partition P : [κ] n → σ there exists a homogeneous for P subset H ⊂ κ of cardinality τ .
The another Erdös' denotation
For any family {P n : n < ω} of partitions P n : [κ] n → σ there exists a set H ⊂ κ, which is homogeneous for all of P n 's.
Let τ be a cardinal. An Erdös' cardinal κ (τ ) is the least cardinal κ such that
A cardinal ρ is said to be a Ramsey cardinal if
A cardinal υ is said to be measurable if there exists a countably additive function (measure) µ : υ → {0, 1}, defined on all subsets of υ, such that µ (υ) = 1; µ (A) = 0 for every subset A ⊂ υ of cardinality card(A) < υ.
Any Ramsey cardinal is weakly compact. Any measurable cardinal is weakly compact and is a Ramsey cardinal.
Let α be an ordinal; τ be a cardinal. A cardinal ‫ג‬ α (τ ) is given by the induction:
‫ג‬ α (τ ) = sup{‫ג‬ β (τ ) : β < α}, if α is a limit ordinal (i.e. if α is not of kind α = β + 1 for some ordinal β).
In a case τ = ω (= ℵ 0 ) it will be written ‫ג‬ α instead of ‫ג‬ α (ω).
Recall that a cardinal ℵ α is given by
The general continuum hypothesis (GCH) is a conjecture:
The continuum hypotheses (CH) asserts that ℵ 1 = ‫ג‬ 1 .
In the future the following Erdös-P. Rado theorem [7] will be used:
Let B be a (proper) class of all Banach spaces. Let X ∈ B; dim(X) = κ; α be an infinite limit ordinal (so, α may be considered as a cardinal); α ≤ κ. An α-sequence {x β : β < α} of elements of X is said to be • Almost spreading, if for any n < ω, any ε > 0, any scalars {a k : k < n} and any choosing of i 0 < i 1 < ... < i n−1 < α; j 0 < j 1 < ... < j n−1 < α the following inequality holds:
• Spreading, if the previous is remain valid for ε = 0;
• C-unconditional, where C < ∞ is a constant, if
for any choosing of n < ω; {a k : k < n}; i 0 < i 1 < ... < i n−1 < α and of signs {ǫ k ∈ {+, −} : k < n}.
• Unconditional, if it is C-unconditional for some C < ∞.
• Symmetric, if for any n < ω, any finite subset I ⊂ α of cardinality n, any rearrangement ς of elements of I and any scalars {a i : i ∈ I},
• Subsymmetric, if it is both spreading and 1-unconditional. Let C < ∞ be a constant. Two α-sequences {x β : β < α} and {y β : β < α} are said to be C-equivalent if for any finite subset I = {i 0 < i 1 < ... < i n−1 } of α and for any choosing of scalars {a k : k < n}
Two α-sequences {x β : β < α} and {y β : β < α} are said to be equivalent if they are C-equivalent for some C < ∞.
It is known (cf. [8] ) that for any spreading sequence {x n : n < ω} the sequence of differences {x 2m+1 − x 2m : m < ω} is 1-unconditional (and, hence, the same is true for any α-sequence when 2m + 1 and 2m are replaced with corresponding ordinals). Clearly, if X ∈ B contains an almost spreading α-sequence then X contains an almost unconditional (i.e. C-unconditional for every C > 1) α-sequence. Remark 1. The same definitions may be used in a case when instead of α-sequences will be regarded families {x i : i ∈ I} ⊂ X indexed by elements of a linearly ordered set I, ≪ . In a such case it will be said about spreading families, unconditional families and so on.
On subspaces with unconditional bases in Banach spaces of large dimension
Let X ∈ B; dim(X) = ‫ג‬ ω1 ; {x α : α < ‫ג‬ ω1 } be a sequence of linearly independent elements of X of norm x α = 1 for all α, such that X = span{x α : α < ‫ג‬ ω1 }. Let span{x β : β < γ} = X γ for all γ ‫ג.<‬ ω1 . It will be shown that X contains an almost spreading sequence (i.e., ω-sequence). This would imply that X contains an unconditional sequence. Proof. Let dim(X) = ‫ג‬ ω1 ; E ω1 = {x α : α < ‫ג‬ ω1 } -a sequence of linearly independent elements of X of norm x α = 1 for all α such that
Let Ψ = {ψ N : N < ω} be a numeration of all finite sequences of rational numbers (i.e., of elements of ∪{Q n : n < ω}). For ψ = {a 0 , a 1 , ..., a n } ∈ Ψ let lh(ψ) = n = card (ψ) − 1 It will be convenient to underline the correspondence between a number N of a given ψ N ∈ Ψ in a mentioned numeration and its length lh(ψ) in a following way. Let
To each ψ N ∈ Ψ will be assigned two formal symbols: φ
For any subset G ⊂ E ω1 it will be written G φ
Let us show by an induction that following is true:
• There exists a sequence of signs {ǫ k ∈ {+, −} : k < n}, a confinal subset F n ⊂ ω 1 and a sequence of subsets
m for all m < n. This assertion is obviously valid for n = 0, F 1 = ω 1 and G α = E α . Assume that ǫ 0 , ǫ 1 , ..., ǫ n−1 , F n , G α and α ∈ F n are already chosen. Let ψ n be of length lh(ψ n) = p n ≥ 1.
Let F ′ n ⊂ F n consists of all elements of F n that are of kind β + (p n − 1) for some ordinal β:
The given ψ n generates a partition of [
Hence, according to the Erdös-Rado theorem, there exists a subset H α ⊂ G α , which is homogeneous for this partition and has a cardinality card(H α ) = ‫ג‬ γ . Clearly, this is true for every α ∈ F n . Since there exists only two possibilities for ǫ ∈ {+, −}, there exists a confinal subset F n+1 ⊂ F n such that for all its elements γ ∈ F n+1 all p m -tuples {x i0 , x i1 , ..., x ip m } (m ≤ n + 1) satisfy the same condition of kind φ ǫm m . So, we choose ǫ, F n+1 and {H α : α ∈ F n+1 }. This complete the induction. As a result, it will be chosen a sequence of signs {ǫ k ∈ {+, −} : k < ω}, which, together with the given order on ∪{Q n : n < ω} and the norm of X defines in a unique way (up to an almost isometry) a subspace of X with an approximately spreading basis (x n ) (for which may be chosen any subset of ∩F n ). Of course, this intersection is non empty because of card(F n ) = ω 1 for all n < ω and since cf (ω 1 ) = ω.
Remark 2.
In an analogous way it may be proved that any Banach space of dimension ≥ ‫ג‬ τ + contains an unconditional τ -sequence.
It is conceivable that any Banach space of inaccessible dimension contains an unconditional sequence of inaccessible cardinality.
The validity of this assertion is not known. A weaker version will be stated below. Namely, it will be shown that if σ is the first weakly compact cardinal then any Banach space of dimension ≥ σ contains an unconditional σ-sequence.
On separable quotient spaces of Banach spaces
There is a long standing Banach's problem: Whether every infinite dimensional Banach space X has a separable quotient space?
It easy to point out a class K of cardinals such that any Banach space of dimension κ ∈ K has a separable quotient.
Let X ∈ B; dim(X) = κ; {x α : x α = 1; α < κ} -a κ-sequence of linearly independent elements of X; span{x α : α < κ} = X. Let span{x β : β < γ} = X γ for all γ < κ.
Certainly, X α ֒→ X γ (recall that a symbol Y ֒→ Z denotes that Y is a subspace of Z) for any α < β < κ. Obviously, X may be represented as the closure of the union of the chain X 0 ֒→ X 1 ֒→ ... ֒→ X α ֒→ X γ ֒→ ...:
Theorem 2. If a cardinal κ is of countable confinality, cf (κ) = ω, then every Banach space of dimension κ has a separable quotient space.
Proof. Let cf (κ) = ω. Then there exists a countable sequence κ 0 < κ 1 < ... < κ n < ... < κ such that sup{κ n : n < ω} = κ. Hence X may be represented as the closure of the union of a countable chain X κ0 ֒→ ... ֒→ X κn ֒→: X = ∪{X κn : n < ω}.
According to [9] , any Banach space that has a such representation has also a separable quotient space. (A) ⊥ = {w ∈ W : a(w) = 0 for all a ∈ A};
and for a subset B ⊂ W a symbol (B) ⊥ denotes its upper annihilator
If a measure µ is discrete then W * contains a weakly* closed subspace, isomorphic to l 1 and, of course, W has a separable quotient. If a measure µ contains a nontrivial dispersed part, then W * contains a subspace isomorphic to L 1 [0, 1] and, as was mentioned before, has a separable quotient too.
Banach spaces of weakly compact dimension
Hence, κ → (κ) n ‫ג‬α for each n < ω and α < ι, where ι is the first inaccessible cardinal.
Theorem 4. Let κ be a weakly compact cardinal; X ∈ B and dim(X) = κ. Then X contains an unconditional κ-sequence.
Proof. Let {x γ : γ < κ} be a sequence of linearly independent elements of X that spans X. Fix n < ω. Let {a 0 , ..., a n−1 } are scalars, b ∈ R + -a positive real number. There exists a continuum number of choosing of φ = {n, a 0 , ..., a n−1 }. The set Φ of such elements φ may assumed to be well-ordered; let α φ be the ordinal number of φ in this ordering.
It will be said that a finite sequence γ 0 < γ 1 < ... < γ n < κ belongs to a class
For a fixed α a set of all classes C b α forms a partition of [κ] n on continuum parts. Since κ is weakly compact, there exists a homogeneous subset K(α) ⊂ κ for this partition; card(K(α)) = κ.
Next we proceed by the induction. Assume that sets {K(β) : β < α} are already chosen. If α = γ + 1 for some γ then K(α) is defined to be a homogeneous subset of K(γ) with respect to the partition {C b γ+1 : b ∈ R + }. If α is a limit ordinal then K(α) = ∩{K(β) : β < α}. Each K(α) is of cardinality κ. Clearly, ∩{K(β) : β < κ} is of cardinality κ too, is well ordered and, hence, is a desired spreading κ-sequence.
The converse result is also true.
Theorem 5. For every cardinal κ, which is not weakly compact, there exists a Banach space X of dimension dim(X) = κ, which does not contain any unconditional κ-sequence.
Proof. Let W be an abstract set of cardinality κ. On W may be defined a linear order, say, ≪, such that W, ≪ contains neither strictly increasing nor strictly decreasing κ-sequences with respect to this order. Let X 0 be a vector space of all formal finite linear combinations of elements of W with real scalars. Elements of X 0 are formal sums x = i∈I a i w i , where I is finite. Let {y n : n < ω} be a spreading sequence of elements of some Banach space Y . It will be assumed that {y n : n < ω} is not equivalent to any symmetric sequence.
For any element x = i∈I a i w i let | x | = i∈I a i z i Y . Let X be a completition of X 0 with respect to this norm. Of course, dim(X) = κ. Clearly, {w w : w ∈ W } is a spreading family, indexed by itself. If {s α : α < κ} is a spreading κ-sequence of elements of X, then it must be equivalent to a some blocksequence with respect to {w w : w ∈ W }. However this is impossible for our choosing of W . This result may be improved. However, a power of the improvement essentially depends on a model of the set theory, which lies in a base of the whole Banach space theory.
Theorem 6. For any cardinal τ ≥ ω there exists a Banach space X of dimension dim(X) = 2
τ ‫ג=(‬ 1 (τ )) that does not contain any subsymmetric τ + -sequences.
Proof. A "Banach" part of the theorem is similar to the previous one. A set-theoretical part is to find on a set I of a cardinality 2 τ a such linear order, say ≪, that I, ≪ contains neither strictly increasing nor strictly decreasing τ + -sequences. If τ = ω, for ≪ may be chosen the natural order on the set R of real numbers; if τ > ω, as ≪ may be regarded a lexicographical ordering on a set τ 2 (of all functions from τ to a set {0, 1}).
A classification of Banach spaces
Preceding results shows that it is of sense to introduce a partition of the class B of all Banach spaces by sets B κ = {Y ∈ B : dim(Y ) = κ}, which may be regarded as an analogue of horizontal strips of some generalized coordinate system for Banach spaces. Below were presented results, which demonstrate dependence of properties of Banach spaces on their dimension.
As vertical strips of this generalized coordinate system may be regarded classes of finite equivalence. 
It will be shown that for any infinite dimensional Banach space X the corresponding class X f is proper: it contains spaces of arbitrary large dimension. For a proof there will be used ultrapower of Banach spaces.
Definition 2. Let I be a set; P ow(I) be a set of all its subsets. An ultrafilter D over I is a subset of P ow(I) with following properties:
• I ∈ D;
• If A ∈ D and A ⊂ B ⊂ I, then B ∈ I;
Definition 3. Let I be a set; D be an ultrafilter over I; {X i : i ∈ I} be a family of Banach spaces. An ultraproduct (X i ) D is given by a quotient space
where l ∞ (X i , I) is a Banach space of all families x = {x i ∈ X i : i ∈ I}, for which
If all X i 's are all equal to a space X ∈ B then an ultraproduct is said to be an ultrapower and is denoted by (X) D .
An operator d X : X → (X) D that asserts to any x ∈ X an element (x) D ∈ (X) D , which is generated by a stationary family {x i = x : i ∈ I}, is called the canonical embedding of X into its ultrapower (X) D .
It is well-known that a Banach space X is finitely representable in a Banach space Y if and only if there exists such ultrafilter D (over I = ∪D) that X is isometric to a subspace of the ultrapower (Y ) D (cf. [9] , an excellent exposition on ultrapowers in the Banach space theory. Below will be presented some important results on ultrapowers that does not contained in [9] ). Proof. Let D be κ + -complete. If card(I) ≤ κ then D is non-free and, hence, d X X = (X) D . Assume that card(I) > κ and that (x i ) D ∈ (X) D \d X X. Of course, (x i ) D is generated by a such family (x i ) i∈I that for any ε > 0
for any x ∈ X. Consider a function F : I 0 → X, which is given by f (i) = x i . Since dim(X) = κ, a partition
participate I on τ sets where τ < κ + . Since D is κ + -complete, one of sets of the partition belongs to D. Because of I 0 (ε) ∈ D, I\I 0 (ε) / ∈ D. Hence there exists such x ∈ X that f −1 (x) ∈ D. Clearly, this contradicts with the assumption
Conversely, assume that d X X = (X) D . Since dim(X) = κ there exists ε > 0 and a set A ⊂ X such that card(A) = κ and a − b ≥ ε for all a = b ∈ A.
Let I = ∪{I a : a ∈ B} be a partition of I on τ = card(B) < κ + parts. Let a function F : I → A is given by:
However, by our assumption, F −1 (a) = I a . Thus, I a ∈ D and, since a partition of I by τ parts was arbitrary, D is κ + -complete.
Corollary 1. Let X be a Banach space, D be an ultrafilter. then Proof. Since any ultrafilter is ω-complete (by definitions), all results follows from the preceding theorem.
Nevertheless, by choosing an ultrafilter, a difference (X) D \d X X may be maiden arbitrary large.
Proof. Let A ′ ⊂ X be a set of cardinality κ which is dense in X. Immediately,
Assume now that A ⊂ A ′ is a set of the same cardinality κ such that for some ε > 0 and any a, b ∈ A, a = b, a − b ≥ ε. Let {a i : i < κ} be a numeration of elements of A. Any finite subset s = {x 0 , ..., x n−1 } ⊂ A spans a finite dimensional subspace X s of X. A set B of all subspaces of kind X s of X is also of cardinality κ. Let {X α : α < κ} be a numeration of B. Consider an ultraproduct (X α ) D . Since X α ֒→ X for all α < κ, it may be assumed that (X α ) D ֒→ (X) D and, hence,
. Thus, to prove the theorem it is enough to show that dim ((X α ) D ) ≥ κ τ . From τ -regularity of D follows that there exists a subset G ⊂ D, card(G) = τ , such that any i ∈ I belongs only to a finite numbers of sets e ∈ D. Define on G a linear order, say, ≪. Let g : G → A be a function. Let a function f g : I → B be given by
where n i is a cardinality of a set of those sets e ∈ G, to which i belongs; {e 0 (i) ≪ ... ≪ e ni (i)} is a list of them. Let h : G → A be any other function: h = g. Then there exists e ∈ G such that h (e) = g (e). Corresponding functions f g and f h are differ also. Indeed, for any i ∈ e the set e is contained in a finite sequence e 0 (i) ≪ ... ≪ e ni (i) of all sets that contain i. if its number in a such sequence if equal to k, then
Note that e ∈ D and that f g (i) = f h (i) for all i ∈ e. Hence f g (i) and f h (i) generate different elements x (f ) and
Since card G A = κ τ , and different elements f, h ∈ G A generate different elements x (f ) and
Remark 3. It may be proved that for any infinite-dimensional Banach space X and any countably incomplete ultrafilter
Hence, by using ultrapowers, cannot be obtained any space (X) D , which dimension κ is of countable confinality (i.e. such that cf (κ) = ω; e.g., ℵ ω ; ‫ג‬ ωω and so on).
Theorem 9. For any infinite dimensional Banach space X the corresponding class X f contains spaces of every infinite cardinality (i.e., for any cardinal κ ≥ ω,
Proof. Let dim(X) = τ . If κ = ω then we choose a countable sequence {A i : i < ω} of finite dimensional subspaces of X which is dense in a set H(X) of all different finite dimensional subspace of X (isometric subspaces in H(X)are identified), equipped with a metric topology, which is induced by the Banach-Mazur distance. Clearly, X 0 = span{A i : i < ω} ֒→ X is separable and is finite equivalent to X.
If κ ≤ τ then as a representative of X f ∩ B κ may be chosen any subspace of X of dimension τ that contains a subspace X 0 .
If τ < κ then, by the theorem 8 it may be found an ultrapower (X) D of dimension ≥ κ. Certainly, (X) D ∼ f X. Choose any subspace of (X) D of dimension κ, which contains a subspace d X X.
Classes of ω-equivalence
If one replace in the definition of finite representability finite dimensional subspaces with infinite dimensional ones, it will be obtained a new relation of ω-representability.
Definition 5. Let X, Y be Banach spaces. X is said to be ω-representable in Y , shortly: X < ω Y , if for any separable subspace E ֒→ X there exists a separable F ֒→ Y , which is isomorphic to E. X and Y are ω-equivalent, X ∼ ω Y , if X < ω Y and Y < ω X. Any X ∈ B generates a class X ω of all Banach spaces that are ω-equivalent to X:
The theorem 9 is not remain valid if one replaces X f with X ω . Of course, for some Banach spaces X a class X ω also may contain spaces of arbitrary large dimension (e.g. if
It is easy to show that any Banach space X, which contains a subspace with a symmetric basis, generates a class X ω , which contains spaces of arbitrary infinite dimension.
However, a method of ultrapowers cannot be used in a general case to construct other then X spaces from a class X ω . Indeed, it is known (cf. [11] ) that for any infinite dimensional Banach space X its ultrapower (X) D by a countably incomplete ultrafilter D is universal for all separable Banach spaces Y which are finitely representable in X. Hence, the following proposition is true. Another example gives a hereditarily indecomposable reflexive separable space X HI , that was constructed in [2] . Obviously, a class (X HI ) ω cannot contain any non-separable space (since any non-separable reflexive Banach space is decomposable).
Remark 4. Let X be a Banach space of dimension κ ≥ υ, where υ is the first measurable cardinal, and D be an ω-complete free ultrafilter It may be proved that every subspace of (X) D of dimension, strictly less then υ, is isometric to a subspace of X. This means that in a such case X ∼ ω (X) D .
Since a dimension of (X) D (by choosing of an ω-complete free ultrafilter) may be maiden arbitrary large, it may be conclude that if a dimension dim (X) ≥ υ, where υ is the first measurable cardinal, then a class X ω contains spaces of any dimension ≥ ‫ג‬ 1 .
The (too large) dimension υ may be essentially lowered.
Theorem 10. For any Banach space X of dimension dim(X) ≥ ‫ג‬ ω1 and any cardinal κ ≥ ‫ג‬ ω1 , the corresponding class X ω contains a space Y κ of dimension κ.
The proof of this theorem, which involves some model theory (and a series of additional definitions) is contained in an appendix to this article..
Remark 5. From this theorem follows immediately that if a cardinal κ (ω)
exists then any Banach space X of dimension dim(X) = ‫ג‬ ω1 contains a subspace with an unconditional basis. Indeed, since ‫ג‬ ω1 < κ (ω), from the equality dim(X) = ‫ג‬ ω1 follows that the class X ω contains a space Y of dimension κ (ω). This space contains a subspace W with an unconditional basis (see [4] ). Since Y < ω X, X also has a subspace isomorphic to W . • A binary functional symbol +;
• A countable number of unary functional symbols {f q : q ∈ Q};
• An unary predicate symbol B.
Any Banach space X = X, · may be regarded as a model for all logical propositions (or formulae) that are satisfied in X. A set |X| = X is called a support (or an absolute) of a model X, in which all non logical symbols of the language L are interpreted as follows:
• + X is interpreted as the addition of vectors from X;
X for a given q ∈ Q is interpreted as a multiplication of vectors from X by a rational scalar q • B X is interpreted as the unit ball B(X) = {x ∈ X : x ≤ 1}.
The language L was introduced by J. Stern [11] , who used for examine the Banach space theory the first order logic. In this logic any quantifier acts only on elements of a supports of corresponding structures (e.g., a quantification over either all countable subsets of X or over all natural n's is forbidden); only formulae that contains only finite strings of symbols are admissible. We shall used a less restrictive infinitary logic L ω1,ω , which may be obtained from the first order logic by the addition of two new rules.
In the logic L ω1,ω all axioms of Banach spaces can be expressed instead of the axiom of completeness (its formulation requires a quantification over a countable set of variables). For this reason (and for advantages of a countable language) any Banach space X will be regarded as a Q-vector normed space. Obviously, to any pair of Q-vector normed spaces X, Y, which are isomorphic in a model theoretic sense (i.e. that are such that there exists an one-to-one map u : |X| → |Y|, which holds all functions and predicates of L) corresponds (under their completition, if it needed) a pair of isometric Banach spaces. Thus, the infinitary logic L ω1,ω will be sufficient for our needs.
If ϕ is a formula of L ω1,ω , which is satisfied in a Banach space X, we shall write
Banach spaces X and Y are said to be elementary equivalent in the logic L ω1,ω , shortly, X ≡ ω1,ω Y , if T h(X) = T h(Y ).
The classical Scott's theorem asserts that for any countable system M in a countable language for the logic L ω1,ω there exists such L ω1,ω -formula ψ (M) that the condition N ψ (M) for any other system N implies that systems M and N are isomorphic. In our case, i.e., in the Banach space setting, this theorem means that for any separable Banach space X the condition X ≡ ω1,ω Y implies that X and Y are isometric.
As was noted by O.V. Belegradek (a personal communication), only small changes in the proof of the Scott's theorem are needed to do, to obtain the following its improvement:
For any system M in a countable language for the logic L ω1,ω there exists such L ω1,ω -formula ξ (M) that a condition N ψ (M) for any other system N implies that systems M and N have isomorphic countable subsystems.
From this immediately follows the following result. Proof. From the preceding improvement of the Scott's theorem follows that X ∼ ω Y if and only if X T h(Y ) ∀ and Y T h(X) ∀ , where for any theory T (i.e. for any set of L ω1,ω -formulae) T ∀ denotes a set of all its universal consequences. Of course, T ∀ ⊆ T for any theory T . Therefore X ≡ ω1,ω Y implies that X ∼ ω Y .
The next notion that will be needed is a notion of a Hanf number of the logic L ω1,ω .
Let X be a Q-vector normed space. Let M odT h(X) = {Y : Y ≡ ω1,ω X}, where Y is a Q-vector normed space too. The Hanf number of the logic L ω1,ω is the least cardinal h (L ω1,ω ) with the property:
If a model M for this logic is of cardinality card |M| ≥ h (L ω1,ω ), then for any cardinal κ ≥ h (L ω1,ω ) there exists a model N ≡ ω1,ω M of cardinality card |N| = κ.
In our case this means that for each Banach space X of dimension dim(X) ≥ h (L ω1,ω ) and for any κ ≥ h (L ω1,ω ) there exists a Banach space Y ≡ ω1,ω X of dimension dim(Y ) = κ.
The exact meaning of the Hanf number for the logic L ω1,ω is known (see [13] ):
h (L ω1,ω ) = ‫ג‬ ω1
Now we are ready to present a proof of the Theorem 7.
Proof of the theorem 10.
Proof. Let X be a Banach space of dimension dim(X) = ‫ג‬ ω1 . Consider X to be a model for the infinitary logic L ω1,ω . Since its dimension is equal to the Hanf number h (L ω1,ω ), for any κ ≥ ‫ג‬ ω1 , then there exists Y ≡ ω1,ω X of dimension dim(Y ) = κ. Clearly, the condition Y ≡ ω1,ω X implies that Y ∼ ω X. The last equivalence proves the theorem. [13] : the Lövenheim number l (L ω1,ω ) for a countable language L ( i.e. the least cardinal τ such that every L-model A of cardinality ς > τ has a subsystem B T h (A) of cardinality τ ) is equal to ω 1 .
